Constrained neural networks
for inverse problems

DISC & TIAI Annual Symposium

Thursday, April 20, 2022

Alexander Lin
alin@seas.harvard.edu
https://sites.google.com/view/alexanderlin/

Emmanouil Theodosis 13 00 B3
etheodosis@seas.harvard.edu
manosth.github.io/




Motivation

Interpretability

Deep learning is empirical and hard to reason
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Crafting representations
How do we instill domain knowledge?
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ReLU vs sigmoid vs tanh vs ....

Analysis is usually post-hoc.
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Optimization-informed deep learning

Linear generative model

y =Ax

Inverse problem

x* = (ATA)"'ATy

In many real world problems, A is over-complete, e.g.

y =Ax s.t. x sparse
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From sparsity to group sparsity

Sparsity Group Sparsity

RelLU: ReLU(x; — b) GReLU: ReLU(1 — %) - ReLU(x;)
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Motivation

Sparsity is separable, but lacks structure that is useful for clustering.
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Nonlinearity

No longer separable, but more complex.




Group sparse priors
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Unrolling equivariances

Equivariance

“Consistent” behavior w.r.t. an operator

JI(x)) = T'(f(x))
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Symmetry
Model fixed rotations

G={e,RyR;,....,R;~")

Unrolled network
Layer weights

W,=[w, Ryw) ..RS"'(w)]
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Learning equivariances

Discover symmetries e e e BE B i Io.06
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“Lifting” filters
To learn any group we need to “lift” (flatten) filters

X — [Xl;Xz;...;Xq]

(Semi-) Skew-symmetric Toeplitz Block/multi-scale
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The Bayesian perspective: From optimization to uncertainty

Optimization-informed deep learning
Linear generative model

y = Ax
Inverse problem

x*=(ATA)'ATy

In deep learning A is overcomplete
y =Ax st Xx sparse

min||y—Ax||§
X

Prior
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Optimization finds
the most likely point

But what if we recover the
whole distribution instead?
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Why care about Bayesian uncertainty?

It can distinguish between good & bad models
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But...uncertainty is expensive (computationally)!

The optimization approach finds a single point (e.g. an image)

500 pixels

500 pixels

The Bayesian approach finds a distribution over possible images

300 4

Multivariate Normal ./ (u, )

U el

D = 250,000 pixels

Dand X €|

DXD

D x D = 62,500,000,000 values F % 00 08



Bayesian Unrolling
A scalable framework for uncertainty quantification

Bayes-SENSE

(coil sensitivities, Fourier transform, undersampling)

(Wavelet basis)
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